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From frequency to pitch, and from pitch class to musical key:
shared principles of learning and perception
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This article addresses the modelling of harmony and pitch, highlighting the parallels across these two
domains. The harmony model involves mapping from tone classes to chords and keys using self-
organisation, and accounts for a range of psychological data. The pitch model involves mapping from
frequency spectra to pitch (spectral and virtual) using self-organisation and also accounts for key results on
pitch perception. The result is a scheme that is built hierarchically from frequency to keys, going through
intermediate levels of pitch, pitch class, and chords. Both models account for fusion and for the implication
of missing features when sufficient context is present. An architecture is suggested for mapping absolute
pitch into a pitch-invariant format, using keys as mapping units. A similar architecture is suggested for
mapping frequency spectra into a format in which the relative structure of spectra are preserved across
changes in pitch. Key units and pitch units are thus thought to play roles as mapping units.
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Psychological research in auditory perception has traditionally been polarised into psychoacous-
tics and cognitive psychology.Yet segregating ‘low level’ and ‘high level’ processing prevents us
from exploring the existence of common principles. Connectionist models (for example, Griffith
1994; Leman 1995) suggest ways in which similar principles of learning and processing may
underlie auditory phenomena at many levels. This approach would compel us to question the easy
invocation of mental representations and formal rules when psychoacoustic phenomena may suf-
fice. It would also compel a renewed examination of psychoacoustic phenomena that are context
sensitive and thought to be processed centrally rather than peripherally.
A connectionist approach to modelling pitch and harmony enables us to understand a diverse

set of psychological phenomena with a small set of principles. These phenomena include: the
fusion of features into unitary and hierarchically organised perceptual objects; musical expecta-
tions, implications and illusions of pitch; passive perceptual learning; and context-specific tonal
relationships. Context-specific tonal relationships have been derived by music theoretic analysis
as well as by a range of psychological tasks including memory confusions, probe tone judgments,
and priming. Connectionist models have the potential to unify the results of these apparently
divergent tasks by postulating underlying mechanisms.
Given fundamental constraints on neural architecture andgeneral purpose neural learningmech-

anisms, and given passive extended exposure to an auditory environment that is structurally
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178 J.J. Bharucha

constrained, physically as well as culturally, what aspects of this structure can plausibly be
internalised as representations or codes, andwhat phenomena emerge as an automatic consequence
of how these internalised codes influence subsequent perception? If phenomena automatically
emerge from the passive internalisation of environmental structure, then on parsimony grounds
learning – and the computational processes entailed by a particular model of learning – are to be
preferred to the postulation of innate, symbolic, rule-based or other ad hoc mechanisms.
In this article I bring together a range of phenomena involving harmony and pitch, showing how

common principles of neural self-organisation andmapping can function acrossmultiple phenom-
ena to provide a more integrative approach to music perception than has been available under the
traditional symbol-manipulation and rule-based approaches. Self-organisation also focuses atten-
tion on distinguishing between primitive and derivative concepts. In the harmony network below,
for example, there is no special status given to the tonic in either the architecture or the input,
and yet tonal centres emerge at the output. Likewise, in the pitch model, there is no special status
given to the fundamental frequency over other frequencies: pitch salience simply emerges. The
phenomena and approaches included below necessarily constitute a selective set: it is beyond the
scope of this article to encompass all that we know about pitch and harmony. I focus on aspects of
pitch and harmony that my colleagues and I have studied, with the purpose of providing a glimpse
into an integrative approach on which further research can build.
The article is divided into two sections: the first on harmony and the second on pitch. The

objective is to show in the course of the narrative how the problem of getting from tones to chords
and keys (harmony) is in some ways analogous to the problem of getting from frequency spectra
to tones (pitch), and that significant aspects of both levels of abstraction of pitch structure can be
approached as neural self-organisation.

1. Harmony

Most cultures divide the octave into 12 roughly equally spaced tones on a logarithmic scale.
These 12 tones are used in highly constrained ways. In most Western music that is called ‘tonal’,
a short run of tones (a phrase or shorter) utilises three of the 12 tones in a prominent way. These
three tones, played either simultaneously or in succession, constitute a chord, either explicitly
or implicitly. The most frequently used chords are the major and minor chords. As the chords
change, they do so in a constrained manner. Integrating over the corpus of Western music, a
clear hierarchy emerges between the transition probabilities of chords in context. For example,
a C major chord, which consists of the tones C, E, G, is most likely to be followed by a G
major chord (G, B, D), next most likely to be followed by an F major chord (F, A, C), next
most likely to be followed by A minor (A, C, E) or D minor (D, F, A), and so on. As a piece
of music unfolds, the clustering of tones over time yields a set of abstract percepts, including
keys in Western music, and modes in the music of most cultures. Keys and modes, as well as
chords resulting from their component tones played sequentially, are abstract perceptual objects
or patterns that generate cultural expectations consistent with past experience. The fulfilment of
these expectations enables recognition of cultural schemata, and their violation evokes affective
responses that are at the essence of musical aesthetics.
In past research, my colleagues and I have argued that the brain learns these clustering patterns

through self-organisation, mapping simpler auditory features onto abstract musical clusterings.
Early attempts atmodelling neural architectures thatmap auditory features ontomusical categories
can be found in the work of Pitts and McCulloch (1947) and Deutsch (1969). The spreading
activation models in cognitive science (Anderson 1976; McClelland and Rumelhart 1981) were
the inspiration for MUSACT (Bharucha 1987a,b). In MUSACT, units tuned to pitch classes are
connected to chord units, which in turn are connected to key units. The connectivity is based
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Connection Science 179

on membership: tones connect with all major and minor chords of which they are components,
and chords connect with all major keys of which they are components. The connections were
hand-wired in the original model, but illustrate how simple hierarchical connectivity can account
for a range of phenomena in harmony without postulating rules.
The use of chords as intermediary representations between tones and keys does not preclude

direct influences of tones on keys. Some data on the perception of keys can be accounted for on
the basis of tones alone, without chords as intermediaries (for example, Parncutt 1989; Krumhansl
1990). And keys can self-organise directly from tone activations without a layer of chords (see
Tillmann, Bharucha, and Bigand 2000). However, a significant body of empirical research to
date involves the perception of chords. And chords, like keys, appear to have a unitary quality in
perception. For example, we hear a familiar chord as a whole, with a distinctive perceptual quality
over and above the individual tones that comprise it. An unfamiliar chord is initially heard as a
collection of tones, but with familiarity takes on a unitary quality. The objective of this model is to
account for as much of the literature on harmony (including the perception of chords) in the most
parsimonious way. Adding direct connections from tones to keys will build in redundancies that
might actually exist; but from a modelling point of view, the fewer the assumptions, the better. As
explained below, a fundamental result (Tekman and Bharucha 1998) cannot be explained without
chord units.
When the three component tones of a major triad are played, (for example, tones C, E, and

G), they activate the corresponding tone units, which in turn spread activation to the chord units.
From the chord units, activation spreads up to the key units but also back down to the tone units.
Similarly, activation spreads back down from the key units. In thisway, bottom-up (stimulus-drive)
and top-down (knowledge-driven) processes interact iteratively until the network settles.
After settling, the activations manifest implicitly some important relationships in harmony.

Even though only the tones C, E, and G were presented to the network in the above example,
the other diatonic tones of the key of C major (D, F, A, B) also get slightly activated because of
top-down processing. Furthermore, if the input tones are C, E, and G, then the C major chord
unit receives the most activation, followed in order by the chord units around the circle of fifths.
Note that this cannot be predicted directly by the assumptions (which tones are members of which
chords, and which chords are members of which keys) that determined the connectivity; in other
words, the circle of fifths for major chords does not fall out directly from the overlap of their
component tones. In the absence of the model, the assumptions alone predict that activation of
chords would be monotonically related to the number of sounded tones they contain. Thus, the
D major chord (which consists of the tones D, F#, and A) should not be active at all, because
it contains none of the sounded tones (C, E, G). On the other hand, the E major chord (which
consists of the tones E, G#, and B), should be more active than the D major chord, because it
contains one of the sounded tones (E).Yet, once the model settles, the D major chord unit is more
active than the E major chord unit, in accordance with the circle of fifths.
How can this be? After the first bottom-up processing cycle, the D major chord unit is not

active at all, while the E major chord is activated by the tone E. This is the purely stimulus-driven
activation cycle. But after activation has a chance to percolate iteratively to the key units and
back down, the relative activation of these two chord units reverses, in line with the fact that C
major is closer to D major than it is to E major around the circle of fifths. In other words, implicit
knowledge of the organisation of chords into keys affects the relationships between chords as
driven by sounded three simple tones, because of the effect of top-down processing.
We tested this time-based reversal with humans using a priming task (Tekman and Bharucha

1998). We predicted that immediately after hearing the tones C, E, and G together, reaction time
would be slower to process a D major chord than an E major chord, because the latter would
have been primed by the presence of the tone E. But we also predicted that after the network has
a chance to settle, the reaction times would be reversed, reflecting their relationship around the
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180 J.J. Bharucha

circle of fifths. This is what we found. Fifty milliseconds after hearing the tones C, E, and G,
the E major chord is processed more quickly than the D major chords, reflecting stimulus-driven
structure. Within 200 ms, the reverse is true, reflecting prior learning. This model thus makes a
testable predication that falls out of an emergent property rather than directly from the assumptions
built into its connectivity.
Of course, MUSACT does not need to be hard-wired. Functionally equivalent patterns of

connectivity can be learned automatically through self-organisation (Bharucha 1991, 1992, 1998;
Tillmann, Bharucha, and Bigand 2001). Thus the knowledge built into the system is bootstrapped
automatically by repeated exposure to pervasive regularities in our musical environment. We
are bombarded on a daily basis with major and minor chords (thereby acquiring, through self-
organisation, the mapping of tones onto more abstract units that we call chords). Because most
Western (and now even non-Western) popular songs employ constrained sets of chords that evoke
keys (for example, a song may utilise the chords C, F, G, A minor, and D minor – the component
chords of the key of C major), we are bombarded with the regularities that map chord units onto
more abstract units that come to be experienced as keys.
The experimental result of Tekman and Bharucha (1998) is not explained by any other model

to date. It does not follow from an analysis of the overlapping patterns of harmonics between
tones, chords, and keys, because it requires top-down processing. And it is not explained by
neural net models that map directly from frequency to keys without the intervening role of chord
units. Thus it appears that a general purpose system of neural self-organisation, with the capacity
to hierarchically develop abstract units that integrate pitch patterns over a variety of temporal
windows, not only internalises some of the membership regularities of tones, chords and keys but
also generates emergent phenomena that can be tested empirically.
The model captures a range of psychological phenomena, some evident introspectively and

some demonstrated empirically. Introspectively, we have a strong sense that chords and keys
are unitary percepts. A major or minor chord sounds like more than a cluster of three tones; it
has a distinct perceptual quality. Similarly, a key (or in other cultures, a mode) has a distinctive
perceptual quality over and beyond its component tones or chords. Chords and keys function as
Gestalts – holistic percepts that fuse features into integrated, unitary objects. In rich contexts, not
all the component features need to be present in order to give rise to the perception of the whole;
missing features may be inferred, generating expectations for their occurrence, or filled in, giving
rise to illusory features consistent with the whole.When we encounter unfamiliar chords (such as
jazz chords), we initially hear them as clusters of individual tones. Only after extended experience
of hearing them do we begin to hear them as fused, unitary sound objects. Later in the article
we shall consider fusion at a lower level of representation: the integration of frequencies into a
unitary percept we call pitch.
Activation of tone and chord units in thismodel accounts for tonal relationships and expectations

that are derived from the temporal integration of tonal information that is not dependent on the spe-
cific temporal order of notes.We have addressed the learning of specificmusical sequences in other
work (see Bharucha and Todd 1991). Indeed, we distinguish between two kinds of expectations.
Schematic expectations in harmony lead one to expect tones or chords that typically occur follow-
ing a context. Veridical expectations lead one to expect tones or chords that actually occur in par-
ticular pieces of music.A composer plays with the listener’s expectations by producing sequences
that diverge occasionally from the schematic expectations. And a performer has to be able to hit a
particular note even if it is unexpected. Further discussion of this issue is beyond the scope of this
article, and the reader is referred to other sources (Bharucha 1984; Justus and Bharucha 2001).
The model’s predictions have been tested by a variety of priming experiments (Bharucha and

Stoeckig 1986, 1987; Tillmann, Janata, Birk, and Bharucha 2003). Like all models, it has its share
of over-simplifications and challenges (see Tillmann et al., 2008). Modelling by its very nature is
intended to provide a new rung on the ladder of understanding, which hopefully enables us to grasp
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Connection Science 181

a higher rung. The power of the approach suggested in this article is that it integrates apparently
disparate phenomena. There is an unfortunate tendency in some psychological approaches to try
to keep coming up with better models for specific experimental tasks, as each successive model
fails to account for ever more specific circumstances. In contrast, the present approach has been
to try to show how a broad array of tasks can be approximated.
The model learns robustly under a variety of conditions and, like some other recent models

(for example, Griffith 1994), predicts the results of a variety of experiments (Tillmann, Bharucha,
and Bigand 2001). In a classic study, Dowling (1978) presented subjects with a standard melody
followed by a comparison melody that was either identical or had one note changed. Subjects
had to say whether the melodies were the same or different. When a note was changed, the
change was less easily detected if it preserved the key than if it violated the key. MUSACT
makes this same memory confusion: tones that did not occur are more strongly activated by
top-down processing if they are consistent with the activated keys than if they are not (Tillmann,
Bharucha, and Bigand 2001). The model accounts for data from a similar experiment on chord
memory in the same way (Bharucha and Krumhansl 1983). Probe tone judgments following
musical contexts (see Krumhansl 1990) are also accounted for by activation spreading through
the network. Following the context, the simulation of the model reads out the activation of the
probe tone and gives a rating of fitness accordingly (Tillmann, Bharucha, and Bigand 2001). There
is also evidence that the implicit knowledge of harmony revealed in the literature is encoded in the
brain in a way that is isomorphic with harmonic structure. For example, subjects were presented
with modulating sequences, and the changing patterns of activation were recorded with fMRI;
the harmonic relationships implied by the circle of fifths and the torus of key relationships are
encoded by circuits in the pre-frontal cortex (Janata, Birk, Van Horn, Leman, Tillmann, and
Bharucha 2003).
An obvious and challenging concern about the model is that its units are tuned to absolute pitch,

not relative pitch. The answer to this is that we must necessarily have, simultaneously, neural
records of both the absolute pitches of tones and chords as well as their harmonic functions (the
latter being the pitch level relative to the tonic). Indeed, harmonic functions (tonic, subdominant,
dominant, etc.) have distinct perceptual qualities, suggesting that they are indeed extracted from
the music. But absolute pitch information is clearly present in the short term. It is precisely
the relationship between harmonic units based on absolute pitch that determines their harmonic
function, just as it is the relationship between successive absolute pitches that determines the
interval between them. Indeed, the bulk of the evidence to date about the tuning characteristics
of auditory neurons points to absolute frequency or pitch coding. Thus we clearly have absolute
pitch coding. The real question is how relative coding is derived from this.
Consider the architecture in Figure 1. The units along the left (labelled ‘Tonal Centre Repre-

sentation’ are fed from the key units of MUSACT. The units along the bottom (labelled ‘Absolute
Pitch Representation’) are fed from the tone units of MUSACT. The tonal centre gates activation
from the absolute pitch representation into a pitch-invariant representation (shown at the top).
The gating is accomplished by sigma–pi units that multiply activation from their two sources.
Thus, for example, when C is the tonal centre, tone C activates the tonic (labelled ‘0’) and tone
D activates the supertonic (labelled ‘2’). When D is the tonal centre, tone D activates the tonic,
and so on. As the distribution of activation across the key units changes, the harmonic functions
become ambiguous, until they are disambiguated by the new key.
This system need not be specific to keys (which are categories of organisation found inWestern

music, and relatively recent in history). Tonal centres are also found in modal music, which is
found in many parts of the world and has existed for thousands of years. In modal music, the tonal
centre maps absolute pitches into their slots within the mode.
Elsewhere we have simulated the acquisition of modes of Indian music (see Bharucha and

Olney 1989). While the model in that article was an auto-associative network, we have replicated
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182 J.J. Bharucha

Figure 1. A network that maps tones into a pitch-invariant format that corresponds to a tonic-based harmonic function.
The key units (on the left) are from the MUSACT network. They gate the tones (or chords) from the same network
(bottom) into the pitch-invariant format (top) via sigma–pi units. An absolute pitch gates into a pitch-invariant pitch slot
depending upon how active the corresponding tonic is.

the results using self-organisation. The self-organisation of modes begins with pitch-invariant
units as inputs, and learns to map these inputs onto modes. Thus for Indian music, the inputs
correspond to the 12 degrees of the scale, in a pitch-invariant format: Sa, Re−, Re, Ga−, Ga, Ma,
Ma+, Pa, Dha−, Dha, Ni−, Ni. In a simulation of learning in the Indian musical environment, 10
Indian modes (thaats)were learned, producing an output unit for each one. In a control simulation
of learning in the Western musical environment, only the major and minor modes were learned.
Following learning, both the Indian and Western networks were tested with a unique subset of
one of the Indian modes, Bhairav. Bhairav consists of: Sa, Re−, Ga, Ma, Pa, Dha−, Ni. The
unique subset omitted Re−. The Indian network recognised it as Bhairav, and when top-down
activation was introduced into the network, filled in the Re−, thereby simulating the Indian
listener’s expectation of Re− even though it was missing. In contrast, top down processing in the
Western network did not pick out Re− at all.
The generality of the pitch-invariant mapping system is illustrated toward the end of the article,

where a similar system is sketched for preserving the relative frequency relationships in the
spectra of complex tones across changes in absolute pitch. Indeed, we have ventured to suggest
that abstract units (such as key units) that integrate pitch information over windows of time exist
in part to enable such mappings. Key units provide the reference anchors that enable tones and
chords to be represented as harmonic functions, thus enabling recognition of tone sequences or
chord sequences across keys.

2. Pitch

The modelling efforts discussed above are predicated on the existence of pitch class units, which
in turn are predicated on computing octave equivalence and on extracting pitch from frequency
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Connection Science 183

spectra. Getting octave equivalence or pitch classes from pitch is not a difficult problem, because
complex toneswhose fundamental frequencies are separated by octaves share plenty of harmonics,
and a self-organising network recognises the similarity (seeBharucha andMencl 1996). Once self-
organisation has achieved a mapping of pitch onto pitch class, it is straightforward to explain how
we perceive octave equivalence in music even when octave harmonics are missing or attenuated
(as in the case of the clarinet): the network recognises the octave relationship because of the rich
context of other harmonics.
Extracting pitch from frequency spectra, by contrast, is an enormous task, as illustrated by

a long, distinguished and still vexing history of research dating back at least to Helmholtz
(1863/1954). In order to point to the hierarchical parallels between the extraction of harmonic
units and the extraction of pitch, a self-organising approach is elucidated for pitch extraction.
Self-organising models of pitch extraction already exist in the literature (Taylor and Greenhough
1994; Cohen, Grossberg, and Wyse 1995; Grossberg 1997). My purpose in elucidating such a
model is to illustrate the parallel architecture and its psychological consequences. In this way,
pitch and harmony can be seen as a hierarchical process of self-organisation beginning with har-
monic frequency spectra and culminating in keys or modes. As indicated earlier, going straight
from frequency spectra to keys does not explain the Tekman and Bharucha (1998) finding, which
seems to rely on the extraction of intermediate units.
The psychological consequences of this parallelism are considerable. At the level of harmony,

activation in a network can account for our sense of expectation or the psychological filling-in of
tones not present but implied. At the level of pitch, activation in a self-organising network can
account for our sense of illusory pitch – as in the perception of a missing fundamental (as studied
by psycho-acousticians since Helmholtz), the fundamental bass (as observed by musicians, most
notably Rameau), and equivalently, the illusory perception of sub-harmonics.
Furthermore, both harmony and pitch involve fusion. In harmony perception, tones heard simul-

taneously in familiar combinations fuse to form integrated, unitary percepts that we describe as
chords, with perceptual qualities that go beyond those of the tones themselves. The same is true of
keys andmodes. In pitch perception, frequencies heard simultaneously in familiar (i.e., harmonic)
combinations fuse to form integrated, unitary percepts that we describe as pitch.
In the perception of harmony and pitch, mapping to pitch-invariant formats is necessary in order

to preserve relative structure under transformation. I have suggested above that abstract organising
units such as tonal centres (the tonics of keys in Western music, tonal centres of modes in modal
music) can make this transformation possible by gating absolute pitch-based representations into
pitch-invariant ones. Toward the end of the article I will suggest a parallel mechanism (described
in Bharucha and Mencl 1996) in which an extracted pitch serves to gate a frequency spectrum
into a format in which the timbral characteristics of the spectrum are maintained while the pitch
deviates.
The psychoacoustic phenomena addressed in this section pertain to the extraction of pitch from

complex spectra, in particular, themissing fundamental and the pitch of tones with partials that are
not harmonics. The present model is influenced by the seminal work of Terhardt – in particular,
by Terhardt’s claim that the mapping from frequency spectra to pitch is learned (primarily from
exposure to speech). The model below demonstrates how this learning might be done in such a
way that some of the standard puzzles of pitch perception fall out automatically.
Periodically vibrating objects to which we attribute pitch have frequency partials that are

roughly harmonics (integer multiples) of the fundamental frequency. A harmonic spectrum is
typically heard as having a singular or fused pitch that can be matched to that of a pure tone
(Stumpf 1898; Thurlow and Rawling 1959; DeWitt and Crowder 1987; Parncutt 1989). This
is sometimes called synthetic pitch perception. Yet one’s attention can be drawn to individual
harmonics, leading to the perception of several distinct pitches. This is called analytic pitch
perception.
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184 J.J. Bharucha

In most cases the synthetic pitch is matched to that of a pure tone at the fundamental frequency.
This is not surprising because, in most natural harmonic sources, the fundamental is the most
intense harmonic. However, one can remove the fundamental frequency and still hear the pitch
there. This is the central puzzle that has motivated research in pitch perception since Helmholtz
(1863/1954) and is the most important empirical constraint on any model of pitch.
Since the early 1970s the prevailing view has been that the missing fundamental is a result

of a pattern processing system that fills out the incomplete harmonic spectrum (Terhardt 1972;
Goldstein 1973; Wightman 1973b; Terhardt 1974, 1979, 1982, 1986; Terhardt et al. 1982). Early
theories that explained the phenomenon in terms of peripheralmechanisms such as distortion (e.g.,
Helmholtz 1863/1954) have been rejected by at least three classes of evidence: (1) the missing
fundamental cannot be masked by noise in the fundamental’s critical band (Licklider 1954); (2) it
can be induced by dichotic presentation of subsets of harmonics (Houtsma and Goldstein 1972),
and (3) the synthetic pitch sometimes corresponds to neither the fundamental nor other distortion
products (Hermann 1912; de Boer 1956; Schouten, Ritsma, and Cardozo 1962).
This last piece of evidence provides perhaps the most challenging empirical constraint on a

theory of pitch perception. A tone consisting of sine waves at 800, 1000, and 1200Hz has a
predominant pitch at 200 Hz. Here 200Hz is both the fundamental (the highest common divisor)
and the difference frequency (a distortion product). However, a tone consisting of sine waves at
850, 1050, and 1250Hz has no pitch at 50Hz, the fundamental frequency, and no pitch at 200Hz,
the difference frequency. Its pitch is somewhat ambiguous but is most closely matched to around
210Hz.
Patterson (1973) presented subjects with tones with constant difference frequencies of 200Hz

between adjacent partials, i.e., tones with frequencies L + 200n, where L is the lowest frequency
(100Hz < L < 2600Hz) and n is an integer (ranging from 0 to 6). He found that the pitch is
matched to 200Hzwhenever the fundamental is 200Hz (i.e., wheneverL is a harmonic of 200Hz).
As the spectrum shifts away from these points (while maintaining additive invariance), the pitch
shifts as well – fairly linearly – even though the fundamental frequency jumps around and the
difference frequency remains constant.
One promising solution to this puzzle consisted of computing the period from peak-to-peak

distances when the component sine waves are added in cosine phase (Bilsen and Ritsma 1969).
As the tone is shifted additively, peak-to-peak distances become ambiguous because of competing
local peaks; the average of the candidate peak-to-peak distances seems to yield the empirically
determined pitch of 210Hz in the above example. This ‘temporal fine-structure’ model fails
because the shape of the time-domain waveform depends upon the relative phases of the partials,
whereas the pitch percept in Patterson’s (1973) experiment does not (Wightman 1973a).
In their mathematical models of auditory pattern recognition, Goldstein (1973) andWightman

(1973b) account for these data by adding noise or ‘smear’ to the power spectrum. Goldstein’s
model represents peaks in the power spectrum as Gaussians and then finds the optimal estimate
of the fundamental frequency. Wightman’s model postulates a triangular smearing of the power
spectrum and then a Fourier transformation, from which the most prominent pitch is derived.
Harmonics of high order (above around 10) are thought not to be resolvable and are therefore
weak determinants of pitch; hence the fundamental of 850, 1050, and 1250Hz (the 17th, 21st,
and 25th harmonics of 50) is not considered a strong candidate for pitch. The noisy or smeared
representation permits these models to recognise that the closest match of <850, 1050, 1250>
to low-order harmonics is approximately <840, 1050, 1260>, the 4th, 5th, and 6th harmonics of
210, thereby producing 210Hz as the strongest pitch.
Although these models give a compelling quantitative account of aspects of pitch perception,

they assume a mechanism for either finding the fundamental or performing Fourier transforma-
tions. From a cognitive point of view, both assume prior knowledge of the structure of harmonic
signals and an expectation that incoming signals are harmonic.
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Terhardt’s (1974, 1979)model is a substantial advance because it postulates that this knowledge
is learned. Terhardt suggested that we develop harmonic templates from our exposure to speech
(vowels, in particular). The hypothesis that harmonic templates are learned from speech receives
support from the dramatic diminution of the missing fundamental effect as one goes much beyond
the speech range (roughly 700Hz).
According to Terhardt’s theory, a signal produces pitches corresponding to the spectral frequen-

cies (‘spectral pitches’) but is also matched to learned harmonic templates. The lowest component
of each template that produces a match is heard as a ‘virtual pitch’ whose strength depends upon
the strength of the match (which in turn depends upon the number of components that match and
their strengths). The missing fundamental is heard as a virtual pitch because the upper harmonics
are sufficient to produce a strong match to the template of the same fundamental. Virtual pitches
other than the fundamental are also generated because of weaker matches between subsets of the
spectrum and other templates. These additional virtual pitches tend to be subharmonics (integer
fractions) of the fundamental.
Terhardt (1974) proposed a learning matrix model in which the lowest spectral component is

extracted and feeds into a pathway that generates a virtual pitch at that frequency. With each
spectral experience, the simultaneous occurrence of the lowest spectral component with higher
components lowers resistances connecting the higher components to the same pathway. Eventu-
ally, these resistances are low enough that an individual spectral component can generate virtual
pitch cues corresponding to the lowest components of all the spectra in which it typically occurs.
Assuming that the most prevalent spectral structure in our experience is harmonic, each compo-
nent of a signal produces virtual pitches at all the possible fundamentals of which it is a (low
order) harmonic.When all the components of a tone are harmonics of some missing fundamental,
the fundamental is the strongest element of the intersection of the sets of virtual pitches generated
by the harmonics that are present.
Although Terhardt’s (1974) learning model is an important advance because it does not presup-

pose a specialised mechanism tailor-made for harmonic spectra, it does presuppose a privileged
role for the lowest component. Furthermore, it does not have cognitive generality beyond pitch
perception.
The model of pitch sketched below is based on a place mechanism, i.e., codes frequency via

the filtering characteristics of frequency sensitive neurons. Although recent interest has focused
on timing mechanisms in pitch (e.g., Slaney 1990; Meddis and Hewitt 1991; Cariani and Delgutte
1996), place models continue to be viable (e.g., Cohen et al. 1995) because both timing and place
mechanisms seem to exist in the brain. The objective of the section below is to show a possible
parallelism between neural self-organisation from pitch class to key (as shown above) and from
frequency to pitch, thereby showcasing the possibility that the same general principles may apply
to a hierarchical system from frequency to key.
The central mathematical idea in self-organisation is disarmingly simple. At the input level,

units tuned (either innately or through prior self-organisation) to features in the stimulus represent
a vector of activations corresponding to the features present (or filled in). Units available at a higher
level become tuned to consistent patterns of activations present in the input layer, creating a more
abstract set of feature or pattern detectors. Learning consists of changing the weight vectors that
feed into the abstract units so that they approach co-linearity with the input vectors. Co-linearity
of input and weight vectors is the key computational idea, because it enables the network to serve
as a template that recognises patterns that correlate with the internalised patterns of weights.
On any given trial, the abstract unit selected for weight changes is the one whose weight vector
is already more highly correlated with the input pattern, i.e., the winner. All the major models
of self-organisation function in this way (i.e., Grossberg 1970, 1972; von der Malsberg 1973;
Fukushima 1975; Grossberg 1976; Kohonen 1984; Rumelhart and Zipser 1985). The Kohonen
variant extends to the neighbours of the winner the movement toward co-linearity, while gradually
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186 J.J. Bharucha

reducing the neighbourhood size, thereby sorting the learned feature detectors so that they become
topographic representations of the space of patterns being learned. Most of the complexity (and
differences between) these models address measures to ensure stability and the granularity of
categorisation.
Learning is essentially Hebbian (Hebb 1949): weights to the winning output unit (and perhaps

its neighbours) are strengthened in proportion to the activations of the input units, and then the
weight vector is renormalised. This increases the likelihood that the same output unit will win in
response to this stimulus and similar stimuli, and reduces the likelihood that it will win in response
to dissimilar stimuli.
In the model described here, the self-organisation of pitch begins with the extraction of pitch

from an acoustic spectrum. Only units in the first layer, the spectral layer, of this hierarchy
have innate tuning characteristics. Units in the spectral layer are modelled after frequency-tuned
neurons found in the cochlear nerve. The filtering characteristics of cochlear neurons were based
on physiological data. For cochlear neurons, which are essentially frequency filters,Q increases
roughly linearly as a function of log characteristic frequency (Rose, Hind, Anderson, and Brugge
1971). A straight line fit to the Rose et al. data yields the following function relating Q to
characteristic frequency, c:

Q = 3.04 log c − 4.17.

The bandwidth, b, of a neuron with characteristic frequency, c, is then

b = c/Q.

One thousand spectral units were used in the model, with characteristic frequencies ranging
from 10–10,000Hz at 10Hz intervals. This is a rough approximation of the rangewithin which the
first eight harmonics of the speech signal typically fall. (The first eight harmonics were deemed
sufficient because energy drops off rapidly with harmonic number in natural signals and because
only lower order harmonics are critical for pitch perception, the higher ones not being resolvable).
The choice of a 10Hz separation was designed to assure extensive overlap in the receptive fields
of neighbouring units. Even though increments in characteristic frequency are likely logarithmic
(Greenwood 1961a,b, 1990), the properties of the system in the present context do not change
as a function of the density of characteristic frequencies, as long as there is substantial overlap
between receptive fields, permitting course coding.
The second layer represents pitch. The spectral and pitch layers were fully connected. The

input spectra to be learned were tones with the first eight harmonics with intensities inversely
proportional to harmonic number, whose fundamental frequencies ranged from 10 to 1250Hz in
10Hz increments. This simulates roughly the environment of pitch-evoking stimuli (principally
from speech and music) to which we are exposed – subtracting the formants (from speech) or
resonances (from musical instruments), which are not pertinent to the perception of pitch per se.
The limit state of the learning processwas simulated by setting theweight vectors to be co-linear

with the activations of the input units. Specific algorithms for self-organisation vary in terms of
stability conditions for learned categories, and variability due to iterative learning. Simulations
using different self-organising algorithms, or using the same algorithm with different initial set-
tings of weights, yield similar results, with noise around a central tendency. To understand the
system mathematically in its most stable form, this central tendency is best approximated by
setting a weight vector to be co-linear with the activation vector across the input units for each
learned spectrum. Thus, for each tone, t , of the 125 tones learned, if st is its spectral vector, and
f (st ) is the filtered vector denoting the activations of the input units, a unit in the second layer
has its weight vector wt tuned to f (st ):

wt = f (st ).
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While spectral categories may be learned at different resolutions, we consider here only the
finest resolution possible with this network, i.e., one category per stimulus. The units in the higher
layer thus functionmore like coding units (Estes 1972) than like categories, relative to the stimulus
set presented. However, their generalisation to novel stimuli interpolated between stimuli in the
training set shows that they are indeed categories.
Themodel thus represents a templatematching system that learns its templates through exposure

to harmonic spectra, searches templates in parallel and does fuzzy matching. Learning through
exposure is accomplished by Hebbian weight changes at the winning analytic pitch unit, parallel
search is an intrinsic feature of the architecture, and fuzzy matching is a consequence of the
overlapping receptive fields of the spectral units.
To test for the emergence of the missing fundamental, the network was tested with harmonic

spectra minus their fundamentals. Figure 2 shows the activations of the spectral units following
filtering of a harmonic tone missing its 250Hz fundamental. Peaks are clear at multiples of
250Hz. These activations are fed through the weight matrix and activate the pitch units as shown
in Figure 3. A strong pitch is evident at the missing fundamental (250). Pitches are also evident
at harmonics and subharmonics (integer fractions) of 250. Furthermore, because the input tone is
also consistent with a fundamental of 125, the harmonics and subharmonics are also evident.
The behaviour of the network is consistent with Terhardt’s claim that some of the virtual

pitches we hear are subharmonics. Parncutt (1989) has obtained some evidence to support this.
According to Terhardt’s theory and according to the model we propose here, generalisation to
subharmonics is precisely what causes the perception of the missing fundamental. When the
fundamental is removed from a harmonic complex, the fundamental frequency is a subharmonic
of all the harmonics present, hence is by far the strongest subharmonic to be induced. On this
view, the classical problem of the missing fundamental does not warrant a tailor-made theory but
is an emergent consequence of a more general pattern-learning-and-matching process.
In accord with the human data, testing the network with frequencies 850, 1050, and 1250Hz

yields a clear pitch at 210Hz, which is the best templatematch the network canmake. The network
was also tested with the tones used in Patterson’s experiment, i.e. tones with a constant difference
frequency of 200Hz. Figure 4 plots the highest pitch peakswithin the range 150–250Hz, following
Patterson’s analysis. Figure 4 shows the same scalloped patterns obtained by Patterson.When the

Figure 2. Activation of spectral units (after filtering) in response to a harmonic tone missing its 250Hz fundamental
frequency.
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188 J.J. Bharucha

Figure 3. Activation of pitch units in response to a harmonic tone missing its 250Hz fundamental frequency. At this
level of the network, the fundamental is present, as are the other subharmonics of 250Hz. Because the harmonics of
250Hz are also harmonics of 125Hz, the network shows activations corresponding to the harmonics and subharmonics
of 125Hz as well.

Figure 4. The network’s performance in Patterson’s (1973) experiment.

lowest frequency is a multiple of 200Hz, the pitch within this range corresponds to 200Hz.
However, as the lowest frequency increases beyond a multiple of 200Hz, the pitch rises above
200. Roughly half way between successive multiples of 200Hz, the pitch drops to below 200
and starts rising again, until it reaches 200 again at the next multiple. Whereas Patterson found
some additional scallops when the lowest frequency was a multiple of 100 but not of 200, the
network does not. This can be attributed to Patterson’s use of a complex tone as the reference pitch.
Patterson acknowledges in his article that this may have created additional octave confusions.
The perceptual salience of a pitch in a complex tone reflects the activation of the pitch unit that

responds maximally to the sinusoid to which this pitch is matched. Thus the attribution of pitch
is always made with reference to the spectral layer. The fusion of pitch (i.e., synthetic pitch) of
a complex tone is postulated to be the result of attending to the pitch peak. The listener’s ability
to ‘hear out’ the harmonics, often only after guidance, is thus a result of directing attention to
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Connection Science 189

different peaks. That analytic and synthetic pitch percepts do not reflect fundamentally different
structures or processes is supported by the novice’s ability to ‘hear out’ an upper harmonic when
attention is directed to it by alternating between tones that differ only in the presence or absence
of that harmonic (Diufhuis 1970).
Note that in this model the pitch surface makes no distinction between spectral and virtual

pitch as described by Terhardt: both appear as peaks and are not qualitatively distinguished. The
ability to qualitatively distinguish between spectral and virtual pitch (i.e., pitch in the presence
or absence of energy at the pitch-matched sinusoid) derives simply from the difference between
the spectral representations in the two cases, since it is assumed that the listener can attend to all
levels of organisation. (In principle one could postulate self-organisation based on vectors that
include several layers, thereby achieving coding or category units for arbitrarily fine distinctions
of sound that cut across levels of organisation. This may well happen, particularly in listeners
who train their ‘ears’ by deliberately directing their attention in certain ways.) Terhardt’s model
requires two kinds of pitch – spectral and virtual – because only the lowest element of the matched
template becomes a virtual pitch (see also Parncutt 1989). The present model gives no privileged
status to the lowest pitch; all pitches are ‘inferred’ or ‘virtual,’ though some correspond to energy
components at the spectral layer and others do not.
In conclusion, the model is not just an implementation of parallel fuzzy template matching. It is

essentially a model of how this process may be learned. In comparing models of pitch that resort
to internal harmonic templates, a model that can learn these templates through mere exposure
is more parsimonious than ones that require the prior existence of these templates. The model
proposed here is not the set of weights determined by the harmonic spectra with which it was
trained. Rather, the model is the architecture of the constrained tabula rasa which adapts itself to
whatever spectral regularities it may encounter. If the network is exposed to an inharmonic world
with regularities, it should learn those. In contrast, Terhardt and Parncutt’s theories assume rigid
harmonic templates even while acknowledging that there are differences in pitch perception as a
function of musical and cultural exposure (see Parncutt 1989). Having said that, I do not argue
that pitch perception is necessarily learned.What the model demonstrates is that it can be learned.
Whether or not the weights have been tuned to harmonic spectra phylogenetically, they can be
tuned ontogenetically. Future research will have to determine how much, if any, of this structure
is innate.
A pitch extraction model does not account for how the integrity of a frequency spectrum

is maintained in relative terms. The relative strengths of partials in a spectrum contribute to the
timbre. There are other determinants of timbre, including fixed resonances, onsets and offsets, and
changes in the relative strengths of partials over time. Even with fixed resonances, small changes
in pitch maintain the perceptual integrity of the timbre. Thus there must be a representation of
spectra in a pitch-invariant format.
Figure 5 shows a scheme in which this can be accomplished (adapted from Bharucha and

Mencl 1996). It parallels the system described earlier for establishing a pitch-invariant format
for tones across keys. Units along the bottom (labelled ‘Log Frequency’) represent the frequency
spectrum (the input to the pitch model). The units to the left (labelled ‘Mapping Units’) represent
the most salient pitch extracted by the pitch model.Activation from the two sources is gated by the
sigma–pi units, yielding a pattern of activation across the units at the top (labelled ‘Pitch Invariant
Representation’).
Consider a signal that has frequencies at 100, 300 and 500Hz. The pitch network extracts

100Hz as the most salient pitch, and the corresponding gates enable the signal to project to the
units at the top as shown in the figure. Another signal with frequencies 200, 600 and 1000Hz has
the same relative spectrum, because the ratios between the frequencies are the same as in the first
signal. The pitch network extracts 200Hz as the most salient pitch, and the corresponding gates
project the signal to the same pitch-invariant representation as the first signal. In other words,
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190 J.J. Bharucha

Figure 5. Mapping frequency spectra from an absolute frequency format to a pitch-invariant format. (Adapted from
Bharucha and Mencl 1996).

the network projects both signals onto the same pitch-invariant representation. The extraction
of pitch as a unitary percept may thus play a role in providing a reference point that enables a
pitch-invariant format.

3. Conclusion

In conclusion, the fusion of tones into chords and key, as it occurs in harmony, and the fusion
of frequencies into pitches, as it occurs in pitch, can be thought of as the result of a consistent
process of hierarchical self-organisation. Furthermore, the extraction of keys or other abstract
units may serve to transform representations based on absolute pitch into ones that are pitch-
invariant. At a lower level, pitch may play a similar role, serving to transform spectra based on
absolute frequencies into ones that are invariant across changes in pitch.
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